Extending previous work in Randall-Sundrum type models, we construct low-energy effective actions for braneworlds with a bulk scalar field, with special attention to the case of BPS branes. Holding the branes at fixed coordinate position with a general ansatz for the bulk metric, and imposing the Einstein frame as a gauge condition, we obtain a scalar-tensor theory with only one scalar degree of freedom related to the proper brane separation. The formalism is applicable even when there is direct coupling of the bulk scalar and brane matter, as in the Horava-Witten model. We further show that the usual moduli space approximation actually describes a non-BPS three-brane system.
I. INTRODUCTION
Braneworld models have become the focus of intense theoretical activity in the last few years (for recent reviews see [1] ). Much of the attention has been triggered by the Randall-Sundrum (RS) models [2] with a purely anti-de-Sitter bulk. However, to stabilize the brane separation, and hence the hierarchy solution of the first RS model, Goldberger and Wise [3] introduced a massive bulk scalar together with brane potentials. Bulk scalar models have also been suggested to alleviate the cosmological constant problem [4] (see, however [5] ), and for driving inflation [6] . Thus, phenomenological considerations lead away from the RS models and towards something closer to the five-dimensional reduction [7] of Horava-Witten M-theory [8] that inspired them.
Among the models involving a bulk scalar Φ one readily distinguishes two extreme cases. The first of these occurs when the bulk (brane) potential U(Φ) (V (Φ)) is dominated by the bulk cosmological constant (brane tension) with small residual potentials u(Φ) (v(Φ)). The problem of obtaining a four-dimensional low-energy effective action for such a situation has been addressed by Kanno and Soda [9] . Indeed, up to Kaluza-Klein corrections, their two-brane effective action readily obtains by replacing Φ(x, y) with its zero mode η(x) and integrating over the fifth coordinate x 5 = y using the first metric ansatz of Chiba [10] . This follows because at leading order in the low-energy expansion the bulk scalar plays no role in determining the bulk geometry which is identical to that of the RS model.
The opposite extreme occurs when the bulk scalar controls the bulk geometry. In the case that the potentials U(Φ) and V (Φ) derive from a superpotential W (Φ) the solution of the static vacuum geometry reduces to a set of first-order BPS-like equations [11] . The Horava-Witten model exemplifies this category. An additional feature of the HoravaWitten model is that V (Φ) is the volume modulus of the Calabi-Yau space, hence the scalar directly couples to matter, and in particular with the inclusion of nonrelativistic matter static bulk solutions do not exist [12] . In the restricted case of no Φ-matter coupling, a low-energy effective action for BPS braneworlds has been given in [13, 14] using the moduli space approximation. The moduli space approximation proceeds from the static vacuum solution by replacing the Minkowski metric η µν on the brane with g µν (x), where x µ are coordinates tangential to the brane, and promoting the coordinate orthogonal to the positive/negative tension brane to a field X (±)5 (x); the result is a biscalar-tensor theory. Clearly one scalar corresponds to a relative displacement between the branes, however the second scalar represents a centre-of-mass displacement that is spurious on a two-brane orbifold. Indeed, perturbation theory evidences a single scalar mode for BPS branes [15] . We will say more on this point anon. While the original moduli space approximation based on moving branes in a fixed background cannot be used in the interesting case of the Horava-Witten model due to the direct Φ-matter coupling, the alternate formulation of Palma and Davis [14] can. Then one is led to a remarkable conclusion: the Horava-Witten model is cosmologically excluded due to the centre-of-mass mode [13] .
In this paper we pursue the low-energy effective action for BPS braneworlds from a different approach which extends our previous treatment [16] of RS type models. Specifically, we maintain the branes at fixed coordinate x 5 = y, while taking a rather general ansatz for the five-dimensional metric that includes the graviton zero mode g µν (x). The other metric functions, and now the scalar Φ, are restricted by imposing the µ-5 bulk Einstein equation. A residual freedom is fixed by requiring that the resulting effective action be in the Einstein frame. There is no centre-of-mass mode in this two-brane system. For an exponential superpotential the effective action can be given in closed form, and the Horava-Witten model appears as a particular case.
The remainder of this paper is organized as follows: in Section II, we briefly review the construction of the static vacuum solution following [11] . Then, in Section III, we present our metric ansatz and analyze the constraints on the metric functions. Section IV gives our construction of the effective action in the Einstein gauge with the exponential superpotential as an example. In Section V we discuss the Jordan gauge analogous to [10] as well as the moduli space gauge and show that the latter actually describes a different non-BPS three-brane system. Conclusions are presented in Section VI. An appendix gives the effective action for RS-type models.
II. VACUUM BPS BRANES
We begin with the action S = S bulk + S brane , with
Only one brane is shown, the second being introduced below; throughout the GibbonsHawking surface terms are left implicit. In vacuum, the metric and bulk scalar are chosen as the x µ independent forms
The nonvanishing components of the Einstein tensor are
and those of the bulk energy-momentum tensor are
where prime denotes derivative with respect to y. The positive tension brane will be placed at y = 0 so that the Einstein equations are
Note it is more convenient to recast Eq. (8), by multiplying with e 2A , as
which combines with Eq. (9) to yield
Integrating Eqs. (12) and (10) around y = 0 gives
where orbifold symmetry has been assumed. Given U(Φ) in terms of a superpotential
one readily verifies that the Einstein equations (11, 12) and scalar field equation (10) are satisfied away from the brane if
In addition, the boundary conditions of Eqs. (13, 14) are satisfied if
i.e. W (Φ 0 ) is tangent to V (Φ 0 ). When W (Φ) = V (Φ) the boundary conditions are automatically fulfilled by the solution of Eqs. (16, 17) , and the brane is BPS. As an example, for
integrating to
Then dA dy = 1 6
The integration constant will be chosen as A 0 = 0, hence
Clearly the limit α → 0 reproduces the RS model [2] , including the fine-tuning of the bulk cosmological constant and brane tension, if we set W 0 = 6k where k is the AdS 5
curvature. The Horava-Witten model corresponds to α = √ 2, and the self-tuning model [4] to α = 2/ √ 3. Note, however, using Eqs. (5, 22) , G (5)55 possesses a bulk singularity.
To avoid the naked singularity it is necessary to add a second brane at the other orbifold fixed point y = ℓ < 2/α 2 W 0 with
It is this additional fine-tuning that undermines the self-tuning models [5] .
III. CHOOSING A GAUGE
As in the RS models, the inclusion of matter entails a shift of branes from their vacuum positions -this is the basis for the moduli space approximation. Instead, by a gauge transformation, the branes can be restored to their vacuum coordinate locations [17, 15] at the price of introducing an x µ dependence in the metric itself. It is advantageous to maintain g (5)µ5 = 0 and separate the graviton zero mode g µν (x). At energies small compared to the scale of W we may neglect the Kaluza-Klein modes implicit in g (5)µν [18] . Thus we consider the sufficiently general ansatz The Christoffel symbols, Ricci tensor and Ricci scalar for the metric Eq. (26) have been given in [16] . There the metric functions Ψ and ϕ are restricted by R (5)µ5 = 0 in the AdS 5 bulk. Here, due to the bulk scalar we rather have
To deal with the nonvanishing right-hand side let us take
where A(z) and Φ(z) are solutions of Eqs. (16, 17) . That is to say
1 In the case of the exponential superpotential one can find other solutions of Eq. (27) analogous to [19] .
Thus F ′ /ϕ can be at most a function of y only which is fixed to unity by the vacuum, i.e.
ϕ(x, y) = F ′ (x, y) .
Eqs. (28,30) are consistent with the perturbative results [15] . In the terminology of [16] different choices of the one free scalar function F (x, y) are 'gauges'. This is not to say that they necessarily describe the same physics, however, as we will show.
IV. THE EFFECTIVE ACTION IN THE EINSTEIN GAUGE
For the metric Eq. (26) the bulk action of Eq. (1) is
Here we can omit the y integral of the total derivative term which is cancelled by the implicit Gibbons-Hawking terms. As in the RS case [16] , we impose as a gauge condition that the coefficient of the four-dimensional Ricci scalar R be identical to the vacuum solution:
where we have used Eqs. (28,31). Implicitly this determines F (x, y) as
the integration function T (x) being related to the radion. Observe the physical distance between the branes is
so we may write
with, using Eqs. (15, 16, 17, 28, 31, 33, 34) ,
Here W = W (Φ(z)) and similarly for ∂W/∂Φ. As 2 (∂W/∂Φ) 2 = dW/dz the integral becomes a total derivative, yielding
The latter terms in Eq.(39) cancel with the brane potentials as expected since the vacuum solution does not admit a net cosmological constant. As an example, we obtain for the experimental superpotential of Eq. (19), using Eqs. (24, 36)
and by Eq. (34)
The complete effective action in the Einstein gauge is
where
S (+) describes matter on the positive tension brane at y = 0 which feels the metric
and in the Horava-Witten model also couples to
On the negative tension brane at y = ℓ corresponding to S (−) the conformal factor is
In the limit α → 0, Eqs. (42,43,44,46) go smoothly to the expression for the RS models in [16] . Irrespective of the value of α, or whether Φ couples directly to matter, β is the key parameter controlling the strength of the scalar coupling: if the coordinate position of the second brane is sufficiently close to the bulk singularity one can satisfy the constraints on scalar-tensor theories [20] , and the Horava-Witten value α = 1 is cosmologically safe up to the issue of nonrelativistic matter [12] .
V. THE JORDAN AND MODULI SPACE GAUGES
Often in scalar-tensor theories one gives priority to the Jordan frame, in which the motion of feducial test particles is geodesic, rather than the Einstein frame where the scalar and tensor fields are unmixed. One can impose the Jordan frame on the positive tension brane as a gauge condition by taking
as in [10, 18] for the RS model. 2 Proceeding from Eq. (32) in this Jordan gauge a straightforward calculation now yields
For the exponential super potential, using Eq. (24) 1
where ψ is the Brans-Dickie scalar and K 0 a bare gravitational coupling. Including matter, the effective action is then
Note ω(ψ) drives ψ to unity by the self-tuning mechanism [10] . In this gauge matter on the negative tension experiences a metric
and can be coupled to
Per the gauge definition, g
µν (x) = g µν (x) on the positive tension brane, and moreover W = W 0 there which is to say the matter is implicitly decoupled from the bulk scalar. Nor, for that matter, can radiation-scalar coupling be recovered by a conformal transformation of the Jordan gauge effective action to the Einstein frame g µν → g µν /ψ. This makes the Jordan gauge unsuitable for the Horava-Witten model.
Within a given scalar-tensor theory the Jordan and Einstein frames describe identical physics, but the Jordan and Einstein gauges are inequivalent even in the absence of direct coupling of the bulk scalar and brane matter. The coordinate length ℓ appears directly in the Einstein gauge via the coupling parameter β, whereas in the Jordan gauge it is subsumed in ψ. The two gauges only become conformally equivalent if α = β = 0. In
with χ a conformally coupled scalar [21] .
Still, there is a subtlety with α = β = 0 : α → 0 followed by ℓ → ∞, β → 0 in the Einstein gauge describes the second RS model. Although the coordinate distance is infinite, the AdS warp makes the physical distance finite. Displacing the brane distorts the bulk geometry as reflected in the scalar φ remaining in the effective action [16] . Taking α → 0 followed by ℓ → ∞ in the Jordan gauge would yield ψ = 1, according to Eq. (50), and no scalar which is the wrong physics.
Next, we turn to the moduli space approximation. In the original version [13] (see also [22] ) the Minkowski metric of the static vacuum solution in Section II is promoted to g µν (x) and the brane positions to X (±)5 (x) with h Note the radion φ remains in the limit ℓ → ∞.
